This study proposes a new midcourse guidance method, combining the trajectory optimization approach and the optimal sliding mode method, to decrease the larger relative velocity between the near space target and the interceptor. Firstly, the midcourse trajectory optimization model is established. Then, the trajectory optimization guidance law based on a sampling scheme is proposed to decrease the larger relative velocity and satisfy multiple constraints at the end time of the midcourse guidance phase. Thirdly, the optimal sliding mode guidance law is introduced to deal with the target maneuverability. Finally, numerical simulations were performed to verify the performance of the midcourse guidance law.
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I. INTRODUCTION
To intercept the high-velocity (more than 5 Ma) target in the near space, the performance of guidance law directly determines the interception effect [1] . However, larger relative velocity between the interceptor and the near space target is a challenge for the guidance system (consists of midcourse guidance and terminal guidance) to achieve a high accuracy intercepting, especially at the beginning of the terminal guidance phase. The traditional and existing guidance methods are out of action with such larger relative velocity condition due to the limitations of inertia constant and response time of the actuators and tracking systems [2] , [3] .
Many researchers study advanced control methods, such as optimal sliding mode control, mass moving control [4] , [5] , robust adaptive control and adaptive backstepping control [6] , to promote the terminal guidance law performance, especially, the convergence and stability. Reference [7] proposed a guidance law based on optimal sliding mode control to deal with the target maneuver. Considering the nonlinear characteristic of guidance system, the robust adaptive control method is studied in [8] and obtain a better performance. However, promoting the terminal guidance law performance, such as the finite time convergence and anti-disturbance ability, is not enough to ensure the interception under larger relative velocity condition.
The guidance law based on trajectory optimization method for the near space target interceptor (NSTI) was introduced in [2] . It is a practical approach for the NSTI to restrain its velocity in a suitable range, and to provide suitable flight condition and satisfy other constraints, such as minimizing flight-time and energy [9] - [11] . In recent years, the pseudo-spectral method, presented by Elnagar, Fahroo and other researchers [12] , [13] , earned widespread concerns. Many researchers applied the method in trajectory optimization [14] - [16] . In [17] , the pseudo-spectral trajectory optimization was used to optimize reentry trajectory for the hypersonic vehicle satisfying waypoint and no-fly zone constraints. However, optimizing the trajectory only with initial conditions will lose efficacy, while the near space target possesses maneuverability [18] . Reference [19] proposes a basic theory of the real-time optimal feedback control method combining the pseudo-spectral method with a real-time optimal control method. A trajectory optimization online guidance law (TOOGL) was designed based on that.
However, considering the maneuverability of the near space target in the horizontal plane, the relatively large computation of TOOGL brings a burden to the missileborne computer of the NSTI. Based on the decoupling guidance dynamic model in the two planes (the longitudinal and horizontal planes), the optimal sliding mode guidance law (OSMGL) [20] , [21] is found to be suitable for the NSTI in the horizontal plane due to its capability of fast tracking performance and disturbance resistance. The midcourse guidance law that combines both the approaches above (TOOGL in the longitudinal plane and OSMGL in the horizontal plane) signifies the decrease in the terminal velocity of midcourse phase, satisfying flight and terminal constraints, and deals with the maneuver of the near space target.
The study is organized as follows: In section II, the mathematical model of the NSTI dynamic and trajectory optimization is established. In section III, the midcourse guidance law, combined with TOOGL and OSMGL, is proposed. In section IV, the numerical simulation results are discussed. The last section summarizes the study.
II. MATHEMATICAL MODEL A. NSTI DYNAMIC MODEL
Assume that the earth is spherical and the rotation is ignored. The flight of the NSTI is shown in Fig. 1 .
Where OXYZ is the body coordinates; h is the height of the NSTI to the grand, v is the velocity of the NSTI, v xy and v xz are the velocity components in the longitudinal and horizontal planes, respectively. θ and ϕ are the trajectory angle and sideslip angle, respectively.
The 3 DOF (degrees of freedom) equations of kinematic and dynamic for the NSTI are as follows:
where m is the mass of the NSTI, x, y, z are the positions of the NSTI in inertial coordinate system. θ and ϕ are the path angle and the yaw angle, respectively. v is the flight velocity, P is the thrust of the scramjet, What's more, the terms C x , C y and C z are the aerodynamic drag, lift and lateral force coefficients, respectively (which are the functions of Mach number and the attack angle). Besides, the formula for mass change and the specific impulse of the scramjet I sp is as follows [22] m = −P/I sp , I sp (Ma) = 7300e −0.1599Ma + 450
The scramjet works under the condition of −2 • ≤ α ≤ 4 • and v > 5Ma [23] , and the formula for P is as follows
where β is the throttle coefficient of the scramjet with the value range [0, 1]. To simplify the control variables, β is taken as a constant value. Then the thrust of scramjet is changed only with the attack angle. The relationship among atmosphere density, sound velocity and altitude is employed from [24] .
B. TRAJECTORY OPTIMIZATION MODEL
The trajectory optimization method is a practical way to decrease the larger relative velocity between the NSTI and the near space target. This section will take the terminal velocity as the constraints and establish the midcourse trajectory optimization models in the longitudinal plane. The dynamic model in the longitudinal plane is as follows:
where h and L are the flight altitude and range, respectively. α is the attack angle; n y is the longitudinal overload; q is the dynamic pressure; s is the aerodynamic reference area of the NSTI, and g is the acceleration due to gravity.
Due to the longer range and target maneuvering, the flighttime during midcourse phase should be as shorter as possible. Therefore, the end time of the midcourse trajectory can be considered as the cost function and expressed as follows:
In this trajectory optimization problem, the state variables are denoted by X = (v, θ, h, L) T and the control variable is the attack angle, written as u = α.
1) TRAJECTORY CONSTRAINTS
In the trajectory optimization problem, constraints should be considered as follows.
a: OVERLOAD CONSTRAINT
Limited by the structural strength and airborne equipment endurance, the NSTI overload constraint is as follows:
To ensure the stability of the NSTI, the dynamic pressure constraint is as follows:
To avoid the overburning, heat flux constraint usually refers to the heat limit at the stagnation point of the NSTI. It must always be less than the maximum value of the heat flux, i.e.,
where the heat flux at the stagnation point is defined as
and k Q is a constant related to the missile configuration and material, usually taken as k Q = 3.08 × 10 −5 ; R N is the curvature radius at the stagnation point, take as R N = 0.02m; ρ is the atmospheric density; and v is the flight velocity.
d: ATTACK ANGLE CONSTRAINT
Limited by the control system and the working condition of the scramjet inlet, the attack angle constraint is expressed as follows:
2) TERMINAL CONSTRAINTS OF THE MIDCOURSE PHASE As previously stated, the velocity at end time must be constrained to an assigned range. Hence, the larger relative velocity should be decreased. Moreover, the path angle and attack angle also need to be limited to guarantee the success of handing over. In fact, the constraints of the above two angles are determined by the relative location between the NSTI and the target. Thus at end time, the terminal constraints should be expressed as the following in Eq. (11) .
where v f , h f and θ f present the terminal value of velocity, altitude and path angle; v f min , v f max , h f min , h f max , θ f min and θ f max are the minimum and maximum value of velocity, altitude and path angle constraints, respectively.
III. THE MIDCOURSE GUIDANCE METHOD
The cruise phase is the most efficient intercepting phase for the NSTI. Limited by the working condition of scramjet, the target maneuverability is usually relatively poor in the longitudinal plane and can maneuver only in the horizonal plane [25] . Thus, design the midcourse guidance law with TOOGL in the longitudinal plane and OSMGL in the horizonal plane is suitable for the NSTI.
A. THE TRAJECTORY OPTIMIZATION GUIDANCE LAW IN LONGITUDINAL PLANE 1) THE TRAJECTORY OPTIMIZATION METHOD BASED ON HP-ADAPTIVE PSEUDO-SPECTRAL
The online trajectory optimization based on pseudo-spectral method has been applied extensively [19] , [26] - [28] . The hp-adaptive pseudo-spectral [17] , [29] , [30] is a modified pseudo-spectral method that can convert the trajectory optimization problem into the optimal control problem of the nonlinear system with constraints [31] . Let the state and control variables be X = (v, θ, h, L) T and u = α, respectively. Let
then the Eq.(4) can be denoted by:
Its constraints include the path constraints Eq.(6)-Eq. (10), the boundary constraints Eq.(11) and the dynamic constraints Eq. (13) .
The purpose for optimal control is figuring out the control vector v under the constraints that minimize the cost function in Eq.(14)
In this paper, it is assumed that the interceptor begins terminal guidance phase at time t f when the relative distance is less than 50km, which means the end time of midcourse guidance phase.
Computing the hp-adaptive pseudo-spectral method provides a practical approach for the optimal control and its basic processes are as follows [32] .
Firstly, divide the time interval t ∈ [t 0 , t f ] of the optimal control is divided into K subintervals [t i , t i+1 ] (i = 0, 1, 2, . . . , K − 1); and each time subinterval is transformed into τ ∈ [−1, 1] via the following transformation:
Then the Legendre-Gauss-Radau (LGR) nodes are taken as the collocation one and approximate the state variables via the Lagrange's interpolation method:
is the Lagrange interpolating polynomials; N is the number of collocation nodes of the k th subinterval.
The derivative of the approximated states is expressed as Eq. (17) X
Denoting D (k) i =L i (τ (k) ), and combining Eq.(17) with Eq.(15), we obtain:
Thus, the differential equation in Eq.(13) at each collocation node is converted into the algebraic equation constraints:
Substituting Eq. (12) to Eq. (19), we obtain
where m(τ To guarantee the continuity between the two adjacent subintervals [t k−1 , t k ] and [t k , t k+1 ], the connection constraint is taken as follows:
The advantage of the hp-adaptive pseudo-spectral method is feasibly adjusting the number of subintervals and the order of the approximation polynomial (which provides better computing power and accuracy). In this paper, the adaptive strategy is adopted based on median error to examine whether the state and control variables at midpoint of each subinterval satisfies the restrictions of kinematic and dynamic equations. The detailed process can be seen in [33] .
2) THE TRAJECTORY OPTIMIZATION GUIDANCE LAW IN LONGITUDINAL PLANE
Using the idea of sampling at fixed intervals [14] for reference, the strategy for trajectory optimization online is shown in Fig. 3 . The full line is the optimal trajectory obtained from the beginning time t 1 based on the initial information of the NSTI and the target. After the flight time t, another optimal trajectory from time t 2 =t 1 + t is calculated. Note that the optimization time t is only a small part of the t. The NSTI begins the new optimal trajectory after the optimization finishes at t 2 =t 2 + t , as shown in Fig. 3 Then repeat the above procedure above until the NSTI finishes the midcourse guidance.
As previously stated, the optimal trajectory is obtained at each sampling time t i (i = 0, 1, . . .) with the information of the optimal trajectory, as well as the states and control variables.
Generally, the overload is usually taken as the guidance command. In the longitudinal plane, the overload is expressed as n y = vθ /g [34] . Thus, for each sampling interval (t i , t i+1 ), i = 1, 2, . . ., the guidance command is calculated as n y (t i (k)) = v(t i (k))θ(t i (k))/g. Note that k presents the sampling point,θ(t i (k + 1) = θ (t i (k+1)−θ(t i (k) t i (k+1)−t i (k) and θ(t i (k)), v(t i (k)) are obtained from Eq.(20), respectively. Therefore, the recursion procedure of the guidance law is as follow:
In addition, to transform the sampling guidance law to time domain, Eq.(22) is rewritten as Eq.(23) via linear fitting:
Thus, the NSTI tracks the optimal trajectory by the guidance law Eq.(23) till the end time and decreases the velocity to an assigned range. The convergence of the trajectory optimization guidance law based on hp-adaptive pseudo-spectral is proved in [35] .
B. THE OPTIMAL SLIDING MODE GUIDANCE LAW IN HORIZONTAL PLANE
As mentioned before, OSMGL is taken as the horizontal plane midcourse guidance law. Firstly, the dynamic model of the NSTI is expressed as follows:
and the relative dynamic model between the NSTI and the target is [36] 
where q β is the LOS angle; r is the range along LOS; V T and V HTI are the components of the target velocity and the NSTI velocity in the horizontal plane, respectively. θ T and θ M are the lead angle of V T and V HTI , respectively. q β is an immeasurable parameter during the midcourse phase and is calculated as follow: Considering the TOOGL is discretization, the OSMGL should be discretized. The discretized relative dynamic model in horizontal plane can be rewritten as follows [37] x(k
where
−v T (k) sin(q β (k) − θ T (k)) and T represents the guidance term in horizontal plane The quadratic performance index is
Based on the quasi-parallel approach principle, x(N β k) → 0 when c → 0. Then, Then, the optimal control that make J (u) minimum is
where p(t) satisfies the Riccati function as follows
Let w(t) = p −1 (t), the function before is transformed as follows
To minimum the fuel consumption, let q 1 (k) ≡ 0, Eq. (31) is transformed as follows:
then, the analytic solution is expressed as follows
Take r 1 (k) = −1 r(k) the solution is
Then the optimal control is expressed as follows:
To quickly drive the line-of-sight rateq β convergence to 0, takeq β as the sliding mode variable:
The optimal dynamic of the sliding variable s is designed as follows:ṡ
During the midcourse phase, r(k) << r(N β k), so N (k) ≈ −3ṙ(k) Thus the optimal sliding mode guidance law is calculated as follows:
THE MIDCOURSE GUIDANCE LAW
According to the above two midcourse guidance laws we can obtain the following midcourse guidance law. The TOOGL is used in the longitudinal plane to decrease the larger relative velocity and provide satisfying states for the NSTI, while the OSMGL is used in the horizontal plane to deal with the maneuvering of target. The computing process of midcourse guidance law is shown in Fig. 4 . Therefore, combining the two guidance laws Eq.(22) and Eq.(38), the midcourse guidance law can be expressed as follows:
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IV. NUMERICAL EXAMPLE
Several simulations are presented in the following to verify the performance of the midcourse guidance law.
A. THE PERFORMANCE AT END TIME OF MIDCOURSE GUIDANCE LAW
To verify the validity of the midcourse guidance law, assume that the NSTI is at [0, 25, 10] km with the velocity of 6 Ma at the initial time. The near space target is at [1200, 25, 0]km with the velocity of -6 Ma. Moreover, the mass of the NSTI is m = 400kg, the reference area is s = 0.8m 2 , and the initial path and heading angles are θ = 1 • and ϕ = 0 • , respectively. The NTI terminal constraints are as follows:
and the NSTI trajectory constraints are as follows:
The near space target begins evasive maneuver with n T = 2g-turn at simulation time of 100s in the longitudinal plane. After that, the acceleration direction changes every 5s.
The simulation results are shown in Fig. 5 . From Fig. 5 , due to the constraints of decreasing the larger relative velocity to an assigned value in the longitudinal plane, the trajectory goes up first and then down to the end time of midcourse guidance. At the end time of 323.1s, the velocity decreases to 993.7m/s (3.23 Mach with the velocity of sound as 307.36 m/s), and the path angle is -3.815 (which means the NSTI has begun the terminal guidance with diving posture and the constraints are satisfied). Although the oscillation exists in the lateral overload due to switching maneuver of target in the horizontal plane, it satisfies the path constraint.
To make a comparison, sliding mode guidance law (SMGL) as follows was taken as the midcourse guidance law in both the planes, and the simulation results are shown in Fig. 6 .
where s y = q and s z = q β ; k y = k z = 6 and ε y = ε z = 10 are the designed parameters. In this case, the path angle is 4.9 • at the end time of the midcourse guidance phase and satisfies the end constraint. But from Fig.6(b) , the velocity at the terminal time of the midcourse guidance phase is 2612.1m/s (8.47 Mach with the velocity of sound as 308.27m/s). Thus, the requirements on decreasing the larger relative velocity cannot be satisfied.
B. THE MISS DISTANCE OF COMPOUND GUIDANCE LAW
To verify the satisfaction of requirements for direct collision, a whole flying process trajectory simulation was performed with the same assumption and parameters set in chapter 4.1.
Considering the requirement of terminal guidance, the fast smooth second-order sliding mode method was employed as the terminal guidance law [36] :
and a M is the acceleration of the NSTI; z is the estimated value of the near space target acceleration (which is considered as unknown bounded disturbance and can be estimated by the second-order smooth nonlinear disturbance observer described in [36] . The LOS q is calculated similarly to Eq.(36) and the range of the LOS r is calculated as r = x 2 + y 2 . The parameters are shown in Tab. 1. The simulation results are shown in Fig. 7 and Tab. 2. From the simulation results, it can be concluded that the NSTI begins the end guidance with a suitable flight states that satisfy the constraints of the terminal time of midcourse guidance, guided by the proposed midcourse guidance law. The miss distance is 0.6945m, which indicates that the NSTI intercepts the near space target with direct collision.
V. CONCLUSION
A midcourse guidance method combining the trajectory optimization method and optimal sliding mode method was proposed in this study. Firstly, the trajectory optimization model for the NSTI had been formulated. Secondly, the strategy for online trajectory optimization with the hp-adaptive pseudospectral method was combined, and the online trajectory optimization guidance law in the longitudinal plane was proposed. Then, to deal with the target maneuver in the horizontal plane, OSMGL was presented. Finally, two simulations were done to verify the availability of the proposed midcourse guidance law.
The numerical simulation results have shown that the midcourse guidance law can decrease the larger relative velocity and provide satisfying states at end time for the NSTI. With the reasonable flight states at the end time of midcourse guidance, the final intercepting performance is effective. 
